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Abstract

By establishing Z— Goérnicki mapping and proximal Z— Gérnicki mapping via simulation func-
tion in metric spaces and partial metric spaces, we generalize Gérnicki mapping and proximal
Gornicki mapping in this work. To illustrate our conclusions, we offer examples to illustrate our
conclusions. As an example, a solution to the second-order linear differential equation for the
static deflection of a string stretched between fixed endpoints with boundary conditions is also
discussed.
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1 Introduction

Banach proposed the notion of fixed points and their uniqueness for contraction mappings on
complete metric spaces. Since then, a great deal of contractions have been added by mathemati-
cians. One such contraction is the enriched contraction, which was recently introduced by Berinde
and Pacurar [3]. A mapping in this direction, the Gérnicki mapping, was developed by Popescu
[23] and is an extension of the enriched contraction, enriched Kannan mapping, and enriched
Chatterjea mapping. Common fixed point theorems for Gornicki-type mapping are proved by
Debnath [5].

Definition 1.1. [23] Let (T, ) be a complete metric spaces and ¢ : I' — T is said to be Gérnicki mapping
if
k(P pw) < M[K(9€, &) + r(¢w,w) + K(§,w)],  VEweT,

where 0 < M < 1 and for all £ € T there exists p € I' such that

k(p, pp) <ark(€, ¢g),
k(& 1) <bk(E, ¢¢),

for some b € [0,00) and a € [0, 1).

By combining several previously published findings in the literature, Khojasteh et al. [12]
introduced a novel notion known as the simulation function in 2015.

Definition 1.2. [12] Let ¢ : [0, 00) X [0, 00) — R be a mapping. Then C is called a simulation function if
it satisfies the following conditions:

(C1) ¢(m,l) <l—m forall t,s>0;

(€2) if {my,} and {l,,} are sequence in (0, c0) such that lim m, = lim [, > 0, then
n—oo n—oo

lim sup ¢ (my,, l,) < 0.

n—oQ

We denote the set of all simulation functions by Z.

Definition 1.3. [12] Let (T, d) be a metric spaces, ¢ : I' — T a mapping and ¢ € Z. Then ¢ is called a
Z— contraction with respect to ¢ if the following condition satisfied:

¢ (k(9€, pw),k(€,8)) >0 forall &, w e T.

Karapinar [9] demonstrated fixed points for acceptable mapping included in simulation func-
tion in 2015. Using a simulation function, Olgun et al. [19] discovered a new class of Picard itera-
tion. Two nonlinear operators satisfying a nonlinear contraction using a simulation function were
devised by Argoubi et al. [1]. Nastasi and Vetro [16] demonstrated the existence and uniqueness
of a fixed point using a lower semi-continuous function and a simulation function. Ozgur [20]
demonstrated the existence of a stationary disc without making any assumptions about the con-
tinuity, completeness, or compactness of a self-mapping using a simulation function for metric
spaces. Non-unique fixed point results via simulation function for the class of orbital complete
b-metric spaces analyzed by Aydi et al. [2]. Fixed-point theorems demonstrated by Mlaiki et al.
[15] utilizing the set of simulation functions on an S-metric space. In 2022, Rashid et al. [24]
common fixed point results for g-ROF mappings are established in b-metric spaces under Suzuki-
type contractive conditions. Pant et al. [22] provided a fresh approach to the Rhoades problem
concerning the existence of contractive mappings that allow discontinuity at the fixed point. The
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simulation functions and fixed point geometric features created by Ozgur [21]. By employing a
simulation function, Shagari [28] demonstrated the presence of fixed points in C* algebra.

In 2023, Nazam et al. [17] introduced the concept of orthogonal multivalued contractions
based on the recently developed notion of orthogonality in metric spaces. In 2023, nazam [17]
gave generalized version of Perov’s contraction principle via the Ciri¢ contraction principle in
vector-valued b-metric spaces. In 2024, Hussain et al. [8] define a generalized Ciric contraction
with respect to ¥ and prove several coupled coincidence best proximity point theorems within
the framework of complete metric spaces. In 2024, Rashid et al. [25] investigated the split fixed
point problem involving multiple output sets in CAT(0) spaces. In 2024, Khan et al. [11] intro-
duced concepts of the generalized point-to-set distance Jy (u, H*), the generalized Hausdorff-type
distance, and the PJg-property are introduced for a pair (H*, £*) of nonempty subsets within the
extended b-metric space (L*, pg). Hussain [7] introduced a family of mappings called dynamic in-
terpolative contractions, and derive various fixed point results for these mappings in the setting of
a complete F-metric space in 2024. Common fixed point theorems in vector-valued b-metric spaces
were investigated [18], and ¢-ROF mappings along with Suzuki-type common fixed point results
in b-metric spaces were established [24]. Recent developments in fixed point theory highlight its
wide applicability in different mathematical settings. Saleem et al. [27] established approximate
fixed point results for (oo — n)-type and (8 — v)-type fuzzy contractive mappings in b-fuzzy metric
spaces, while Wadai and Kiligman [29] applied variational fixed point iterative schemes to analyze
two-point boundary value problems.

Matthews [14] created new metric spaces in 1994 that expand upon partial metric spaces and
their topological characteristics.

Definition 1.4. [14] Let T" be a nonempty set. A function h : T' x T' — [0, 00) is called a partial metric
space if the following holds:

(1) (& w) = 0forall §w e T and h(E,§) = h(§,w) = h(w,w) iff § = 5
(ii) h(&,€) < h(w) forall §,w € T;
(iit) h(&,B) = h(B,¢) forall §,w € T;
(iv) h(§,w) = (&) +p(v,w) = h(,7) forall §,w,y € T.

Each partial metric p on I' generates a ¢, topology 7, on I' where open p-balls {B},(¢,¢€) : £ €
I',e > 0}, where By, (¢,¢) = {w € T' : h(§,w) < (&, &) + €} forall ¢ € T and e > 0 similarly for
closed h-ball is defined as B}, (§,¢) = {w € ' : h(§,w) < h(&,&) + €}

Example 1.1. [4] Let T = Rand h(a, B) = e™>{8} forall o, B € T. Then (T, h) is a partial metric
space.

Lemma 1.1. [4] Let (T, h) be a partial metric space.

(i) Ifh(§ w) =0, then £ = w;

(it) If € # w, then h(&,w) > 0.
Lemma 1.2. [4] Let &, — & in a partial metric spaces (I', h), where h(§,£) = 0. Then
nlggo h(&n,w) = h(&,w) forallw € T

Let = and II be a non empty subset of (I',x) and ¢ : = — II then £ € = is said to be Best
Proximity point if ¢¢ = w with x(¢¢,w) = k(E,1II) [26].
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Using the simulation function, Kostic et al. [13] discovered the optimal proximity point in
wp space in 2019 and Karapinar and Khojasteh [10] approximated the optimal proximity point
in 2017. Proximal Gérnicki mapping in metric spaces and partial metric, which is used to locate
unique optimal proximity points and verify the existence of fixed points for Gérnicki mappings
in partial metric spaces, were introduced by Dhivya et al. in 2023 [6].

Definition 1.5. [6] Let = and I be a nonempty subset of a complete metric space (I', k). A mapping
¢ : = — Il is said to be a proximal Gérnicki mapping, if for every &, w, u, v € E whenever
K(P€, 1) = k(E,II) and k(¢w,v) = k(E,1I) implies

R v) < MK(E, p) + K(€ w) + w(w, )],

with 0 < M < 1 and there exists a,b > 0 with a < 1 such that for given any { € = there exists y € E,
whenever d(¢ry, p) = d(Z,IT) implies that

K(y,p) < ak(€, ), 5(&, ) < br(&, ),
where p € E.

Inspired by the work of [12], [23], and [6], in this paper, we introduce Z-Gérnicki mapping
using simulation function in metric spaces, partial metric spaces and proves the existence and
uniqueness of fixed point. In continuation of that, we are introducing proximal Z-Gérnicki map-
ping and proving the existence and uniqueness of the best proximity point.

2 Z-Gornicki Mapping in Metric Spaces and Partial Metric Spaces

Here we are introducing Z-Gérnicki mapping as follows.

Definition 2.1. Let (', k) be a metric space. ¢ : I' — T is said to be Z— Gérnicki mapping with respect

to¢ e Z,if
C(R(PE, pw), K(E, PE) + K(§,w) + K(w, dw)) = 0 VE,w €T, (G1)
and also ¥ & € T there exist i € T such that
C(r(p, op), K(€, ¢€)) 20, and (G2)
C(r(p, &), 7 K(E, ¢€)) = 0, (G3)

for some T € [0, 00).

Lemma 2.1. Let (T, k) be a metric space with ¢ : T' — T be a Z — Gdrnicki mapping with respect to
¢ € Z has a fixed point. Then the fixed point must be unique.

Proof. Suppose p1, 112 are fixed points with 1 # ps by G1
C (K’(d):uh ¢,LL2)7 H(uh ¢/J‘1) + K’(Mla :LLQ) =+ H(.u“27 leuQ)) > 0.

Then ¢ (k(p1, p2), £(p, p2)) > 0, since k(pa, p2) # 0 implies

0 < C(K(p, p2), £(p, p2)) <0,
from (2 which is a contradiction. Therefore, the fixed point must be unique. O
Theorem 2.1. Let (I', k) be a complete metric space and ¢ : I' — T is Z — Gérnicki mapping with respect

to ¢ € Z. Then ¢ has a fixed point.
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Proof. Let & € I'. Then there exist {; € I" such that

C(r(&1, #61), k(€05 P60))
C(K(&1,80), T K(&0s 60))

for some 7 € [0, 00). In general,

C(H(§n+1a ¢§n+1)v H(fm ¢§n)) > 07
C(r(Ens1:8n), T E(En, 9€n)) > 0;

case 1: (&) is sequence with for some oy, such that x(&, ¢&;) = 0, then the theorem is true.
case 2: (§,) is a sequence with there is no «y, such that (&, ¢&;) = 0, then

C(K(£n+17 ¢£n+1)7 H(Srm ¢€n)) Z 07

implies k(&n+1, P€nt1) < K(€n, ¢€y). From (2, which shows that {k(&,, ¢¢,)} is decreasing se-
quence. So there exist ¢ € R such that lim &(&,, ¢&,) = c. Suppose ¢ > 0 and also
n—oo

0, and

>
>0,

and (2.1.1)

0 < limsup ((k(pon41, nt1), K(&n, €n)) < 0.

This contradiction shows lim (¢¢,,,&,) = 0.
n—oo
Now, suppose for some n € N, £(&,,&p+1) = 0. From 2.1.1 and (2

This contradiction implies d(&,,&,4+1) # 0, ¥V n € N. From 2.1.2 and (2, we have x(&,41,&,) <
7 #(&n, @6n)- Therefore lim £(§n, Eni1) = 0.

claim: (&,) is bounded.
Suppose (&,) is not bounded. Then there exists subsequence (&, ) such that x(&,, , a,,,) > 1and
H(fmﬁnk) <1 for ng <m < Nk41 — 1 implies

1< H(gnk+1a€nk) < H(fnkJrlagnkJrl—l) + H(gnk+1—17£nk)a
S K/(fnkJrlafnkJrl—l) + 1.

Taking limit, we have klim K(&nys€npn) = L.
Also
K’(¢£”k+1 bl ¢fnk) S ﬁ(¢€nk+1 Y fnk+1) + K(gnk Y gnk+1) + "{(gnkﬂ Qbfnk)

Applying lim sup on both sides implies

lim sup £(¢&n;, 1 s Pén,) < 1.

Also, we have

K’(é-nk+1 ) g’ﬂk) S d(fnk+1 ’ ¢€’I’Lk+1) + K(¢€nk+1 bl ¢§nk) + K’(¢€nk I gnk)

Taking lim inf on both sides implies

1 < liminf 5(¢an, ,,, Pny )-

Therefore, klim K(Pnpir» Pén,) = 1. Also, we can say
— 00

kll)n;o K(ﬁnk ; (bé-nk) + K(gnk ) gnkurl) + ’%(fnk+1 ) ¢€nk+1) =1
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From G1, we have

0 S hm Sup C (ﬁ(¢§nk+1 ) ¢£nk)a K(gnk ) ¢§nk)+ E(fnk k) 5nk+1) +K’(£nk+1 l) ¢§nk+1)) < O

This contradiction implies (&,,) is bounded. Now we prove that (¢,,) is cauchy sequence. Con-
sider ¢, = sup{x(&:,&;)| ¢,7 > n}. Since (&,) is bounded implies ¢,, exist and it is monotonically
decreasing. Suppose ILm ¢n = ¢ > 0. Then there exist subsequence (ny), (mx)(lx) € N such that

1
Cly, — P < K(fmkagnk) < ¢y,
By taking lim, we have

klim K(Emy,» €ny,) = C.
—00

Therefore
kh_{{)lo ’{(fmk > gnk) + K(fmk > (bfmk) + H(fnk ) ¢£’ﬂk) =cC

Now, consider

K(Emis §ni) < K(Emus Pmi) + K (D€ DEns) + K(&nyes Pni)-
Taking lim inf on both sides implies

C S hm lnf H(¢§mk ) ¢§nk¢)

Also, we have

K(D&mse, Déni) < K(O&ms Emi) + E(Emis Eni) + K (Dns Eni)-
Taking lim sup on both side implies
lim sup £(P&m,, $én,) < ¢,

s0 we can say lim K(Pmy s Pny) = c.
From G1 and (3

0 <limsup( (H(¢€mk , ¢§nk)7 K’(é-mk ) gnk) + “(gmm (bé-mk) + K(fnk ) (bgmk)) <0,
which is a contradiction. Therefore, (&,,) is cauchy. Since I is complete, there exist 44 in I" such that

lim (§,) = p.

n— oo

By the triangular inequality, x(¢&n, pt) < K(&n, pt) + £(En, $&n), we cansay lim x(¢€p, u) = 0.
n—oo

Suppose ¢p # p. From G1

0 < limsup ¢ (k(¢&n, 1), £(En, n) + KD, 1) + K (&ns 1)) <0,
which implies ¢u = p. O

Example 2.1. Let F = {f : [0,1] — [0, 1]| f is continuous} with || f|| = sup |f(&)| and ¢ : F — F such
that o f = {Vf € F. Then ¢ is Z — Gérnicki mapping with respect to some ¢ € Z.

Proof. In this case ¢ is Z — Gdrnicki mapping with respect to { = 19—05 —twitht=1.
Claim: ¢ (k(¢f, d9), k(f,0.f) + £(g,99) + K(f, 9)) = 0, consider I = sup f(£), m = sup g(£),
r =inf f(£) and s = inf g(&).

Suppose i > m. Then
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convergence of function to zero function
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Suppose m > I. Then

>
107" "= 10

Claim: For every f € F there exists ¢ € F such that ((||f —gl,||f —&f) > 0 and

Cleg =gl If —&f1) = 0. =
Consider g = % Then

9 9 f fl_7
108—75—wa‘J"Hf‘2”—40511P|f(f)|20,

and also

SEPURRL T | PR i R A |
N =

O
Remark 2.1. Suppose (', k) be a metric space and ¢ : T' — T to say ¢ is Z — contraction it is necessary
to be continuous but for ¢ to be Z-Gornicki mapping the function doesn’t need to be continuous.

Corollary 2.1. Let (T', ) is a metric space and ¢ : T' — T, there exists ¢ : [0,00) — [0,1) with
limsup ¢(t) < 1Vr > 0 such that

t—r

R(0€; pw) < P (k(9€, ) (K(P€, &) + K(dw,w) +K(§,w)),  VEweT,
and for every o € T there exists j1 € I" such that

K, &) <t (K, €)) (K(06,€))
K(pp, ) <t (k(dp, p)) (K(¢E,8)) -

Then ¢ is Z-Gornicki mapping with some ¢ € Z.
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Proof. Consider ((t,s) = ¢(t)s — t then ¢ is Z— Gornicki mapping with respect to ¢, where
T=1 O
Corollary 2.2. Suppose ¢ : I' — T is Gornicki mapping. Then ¢ is Z— Gornicki mapping with some
(e Z.

Proof. Use ¢ : [0,00) — [0, 1) such that ¢(t) = maz{M,a} = cV t € [0, 00) suppose

max{M,a} = 0 take ¢ € (0, 1) in corollary 2.1 with 7 = 2. O
Theorem 2.2. Let (T, d) be a complete metric spaces, ¢ : I' — I' with ¢ : T' — [0, 00) such that

C(R(0E, gw) + Y (d€) + Y(Pw), £(§, §E) + K(w, ¢w) + K(§,w) +P(§) + Y(dw)) 2 0

forall &, B € T and also for every & € I there exist jv € T such that

C(R(& 1) + (&) + (), T k(¢ €) + h(d€) + ¥ (E)) > 0, and
C(K(Bp, 1) + (dp) + (1), K(BE, §) + ¥(P€) +1(§)) > 0,

where T € [0,00). Then ¢ has unique fixed point.

Proof. From the assumption there exist sequence () such that

C (’i(gm £n+1> + '@[J(fn) + ¢(€n+1)7 T H(¢§n, gn) + 1/)(¢§n) + Ql)(fn)) > 0/ and
C(R(P&nt1,Eng1) +V(Pns1) + Y(&ns1), K(Fn, En) + Y (0€n) +(En)) > 0.

Similar to theorem 2.1 we can say (c,) is Cauchy sequence with li_>m K(&ny&nv1) =0,
lim (&, 9€n) = 0, also li_>m Y(da,) = 0 and li_>m ¥(&,) = 0. Since I' is complete there exists
n—oo n o0 n o0

w € I' such that (&,) converges to ¢ and from the hypothesis of the theorem

C(K(PEn, dp) + Y (DEn) + Y (D), K(&ns $En) + K, d) K(&ns 1) + ¥ (En) + Y(dp)) = 0.
Suppose k(y, ¢p) # 0. From (3
0 < limsup ¢ (K(¢&n, Pp) + P(P€n) + Y(Bp) » £ (&ns Bén) + K1, Pp) + K (&, 1) + P (€n) +¥(Pp)) < 0.
Therefore ¢ = 1 and uniqueness is easy to prove. 0
Remark 2.2. Theorem 2.1 is special case of Theorem 2.2

Definition 2.2. Let (', h) be a partial metric spaces and ¢ : T' — T is said to be partial Z— Gornicki
mapping with respect to ¢ € Z if

C(h(98, 0B), h(&, 98) + h(&, B) + h(B,9P)) =2 0, V¢, B eT, (PG1)

and also ¥V £ € T there exist p € T such that

¢ (h(p, Pp), h(€, ¢€))

0, and (PG2)
¢ (h(p, §), 7 h(&, $€)) = 0

, (PG3)

(AVARAY

for some T € [0, 0).

Theorem 2.3. Let (I, h) be a complete partial metric spacesand ¢ : I' — T is partial Z— Goérnicki mapping
with respect to ¢ € I'. Then ¢ has atleast one fixed point.
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Proof. Consider & € T, there exist £; € I' such that

C(h(§17£0)77—h(§0a¢§0)) > 07 and
¢ (h(&1, 9€1), Mo, 960)) > 0.
In general
C (h(§n+1’§n)7Th(€n7¢€n)) >0, and (231)

Case 1: (&,) is a sequence with some ¢ such that h(, $&) = 0. Then &, = @&y
Case 2: (a,) is a sequence with no ay, such that h(&x, ¢€) = 0. Then from 2.3.2,

0 S < (h(€n+17 ¢§n+1)7 h<an7 ¢§n)) < h(E'nm ¢€n) - h(§n+1a ¢§n+1)a

implies h(§pt1, $&nt1) < h(&n, ¢&,). This shows that {h(&,,, @€, )} is a decreasing sequence. Sup-
pose ILm h(&n, 9€) = ¢ > 0. Then from (3,

0 < limsup ¢ (A(§nt1, 9€n+1), (En, #6n)) < 0.

This contradiction implies ILm h(&n, 9€n) = 0. Suppose h(&,,,n+1) = 0 for some n € N. From
2.3.2 and (2
0 < ¢ (A&, 9&n), A(&n, 98n)) < 0.

So we can say h(ay,anp+1) # 0 for any n € N from 2.3.1 h(€,41,6,) < Th(&,, ¢5,) implies
lim h(€p, Ensr) = 0.

n—roo

Claim: (&,,) is bounded with respect to metric x5, (€, w) = 2h(§,w) — h(§,§) — h(w,w)
Itis clear that ILm kn(€n,€nt1) = 0and li_>m Kn(P&n,&n) = 0. Suppose (&,) is not bounded. There

exists (&, ) such that k4 (&, &n,yy) > 1and k4(Em, &n, ) < 1forall ng <m < njgq — 1.

Consider

1 < ﬁh (571k+1 9 Enk) S K/h (ETL}H,l b gnkJrlfl) + K:h (gnlﬁ,lflv gnk)/ and
1< Hh(gmwrl ) Enk) < K’h/(fnki»l ’ €Hk+1—1) +1,

applying limit on both the side implies nh_}ng@ K (&npirr&ny) = 1, and also

o (Pniyrr Ponic) < Fn(Dnsirs Enpyr) + 0 (Eniins Eni) + B Eny Pns)-
Applying lim sup on both sides, we get
lm sup (@410 Py ) < 1,
and
B (Eniirs Eni) < Bn(€nisrs D) + n(Dniyrs Péni) + Kn(P8n,, Ens)-
Taking lim inf on both sides, we get

1 S 1im inf Hh(¢§nk+1 ) ¢)§nk)7

which implies
nli—)rI;o Kh(¢§nk+1 9 (bé-nk) = 1.

Now, we can say

nhﬁngo "{h(gnk 3 ¢£nk) + Kp (§"k+1 5 ¢£nk+1) + Kn (¢£nk ) ¢5n;€+1) =1
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So we have
] 1
nhﬁnéo h(¢£nk 5 ¢£nk+1) = 57 and
. 1
nh_{I;O h(énk ) <Z>§nk) + h(gnk ’ gnk+1) + h(fnk+1 ’ ¢§nk+1) = 5
From (3

0 <limsup( (h(¢§nk7¢£nk:+l)7 h(&nys 9€ns) + M(Enss gnm—l) + h(gnk+17¢£nk+1)) <0.

This contradiction implies (&,,) is bounded.

Now, we prove that (&,,) is cauchy. Consider ¢,, = sup{xs(&,&;)|i, 7 > n}, clearly ¢,, is monotoni-

cally decreasing sequence. Suppose lim ¢, = ¢ > 0. There exist subsequence ny, my, l;; in N such
n—oo

that

1
Cly, — E < ﬁh(fmkagnk) < Cly, -

Then kp,(&my,, &ny, ) = ¢ Also

/{h((lsfmk ) ¢€nk) < ’Qh(qbgmk ) fmk) + Kn (Emk ) gnk) + ’Qh(gnk ) ¢O‘nk)'

Applying lim sup on both side
lim sup "{h(¢€mk s ¢€’ﬂk> <eg,
and
dn(Emps Eni) < Bn(Emps Emi) + K1 (P€my, Bni) + Kn(daun,, Eny)-
Applying lim inf on both side
¢ < liminf ky, (d)gmk ’ ¢>§nk )
Therefore klim En(0&m, s Pény) = c. Also, we have
hde el

kli)ngo Hh(gmk ) O[nk) + Kn (&mk ’ ¢€mk) + Kn <ank ’ ¢5nk) =¢
We can also say
i A(§m, 66ne) = 5
From (3

0 <limsup¢ (h(¢£mk7¢§ﬂk)7 h(fmm gnk) + h(gmw¢§mk) + h’(ankV(bé-nk)) <0.

Therefore (¢,,) is cauchy with lirg h(&,&m) = 0. Since (T, h) is complete partial metric space,

there exist 1 € T" such that
i A(Gn, p) = lim  h(En, &m) = hip, 1) = 0.

Hence
h(ps 1) < 1@, 1) < W&, $En) + T(&n, 1)
Applying limit on both side implies lim A(¢&,, 1) = 0. From lemma 1.2
n—0o0

Jim 1 (¢&n, pp) = h(p, pp), and also lim h(&n, 9&n) + hp, Gp1) + h(&n, 1) = h(Pp, ).
Suppose h(¢u, 1) # 0. Then

0 < limsup ¢ (A(¢&n, G1), h(&ns dén) + A, dp) + h(&n, 1)) < 0.
This contradiction implies h(u, ¢p) = 0. Therefore ¢p = p. O
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Remark 2.3. If self distance of every fixed point of ¢ is 0, then the uniqueness of the above theorem holds
by (2 and PG1.

Example 2.2. Let (I', h) be a partial metric spaces with T' = [0, 00) and h(§, 5) = max{{,w}. Consider
¢ : T — T such that $& = L&, then ¢ is partial Z— Gornicki mapping with ((t,s) = 325 — t.

Proof. Suppose £ > w,

19 10 10
20 (max {5, 95} + max {w7 gw} + max {§,w}>

161 19
_max{mg,m }:{180“18“’20 =

w 161 19 )
9°79 Bly+Be>0 E<w

take p = % If € € [0,00),

Bmax {5, 105} —max{g, g} 195 —£>0,and

20 9 18
19 10 £ 10 19 10
i b _ > -~ =T _Ze>0.
20 max{g, 9 5} maX{2’ 185} 3% 185 =
Therefore, ¢ is Z— Gornicki mapping with respect to {(,s) = 12s — t, where 7 = 1. a

Theorem 2.4. Let (T, h) be a partial complete metric space, ¢ : T' — T with : T' — [0, 00), where 1 is
continuous and

C (M€, dw) + ¥ (P€) + P (dw), h(§, 9€) + h(w, pw) + h(§, w) + (&) + Y (¢w)) = 0

forall &, B € T and also for every & € T there exist pu € T" such that

C(R(&, 1) + (&) + (), Th(9€, §) + ¥ (d€) + ¢(§))
C(h(dp, ) + P (Pp) + (1), h(DE, §) + (D) + ¥ (E))

Then ¢ has a unique fixed point.

0, and
0.

ARV

Proof. Use a procedure similar to Theorem 2.2 and Theorem 2.3. O
Remark 2.4. Theorem 2.3 is a special case of Theorem 2.4.

Corollary 2.3. Let (T, h) be a complete partial metric space ¢ : I' — T and there exists 1 : [0, 00) — [0, 1)
with limsup = ¢(t) < 1, ¥r > 0 such that

t—r

h(@€, pw) < b (h(PE, ¢w)) h(€, €) + h(pw, w) + h(§,w),

and there exists . € T" such that

h(p, &) <t (h(p,€)) (@€, €), and
h(pp, ) <t (h(dp, 1)) h(PE,€)-

Then ¢ is Z-Gornicki with some ( € Z where T € [0, 00).

Proof. similar to corollary 2.1. O
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Corollary 2.4. Let (I', h) be a partial metric space ¢ : I' — T is partial Gérnicki mapping with b < 1.
Then ¢ is partial Z— Gérnicki mapping with some ¢ € Z.

Proof. Use®) : [0,00) — [0,1) suchthat(t) = max(M,a) =¢, ¥Vt € [0,00). Suppose max{M,a} =
0, and take ¢ € (0,1) in corollary 2.3 with 7 = 9 O
c

3 Best Proximity Point in Proximal Z-GOrnicki Mapping

Definition 3.1. Let = and II be nonempty subsets of complete metric space (T, k). A mapping ¢ : = — 11
is said to be proximal Z— Gérnicki mapping with respect to { in Z if for every §,w, u, v € Z whenever

k(€ 1) = k(E,10), and
H(d)wa V) = H(EH H)a
imply
C(Rp, 1), K& 1) + K(E, W) + K(w,v)) =0, (BZ1)

there exist T € [0, 00) such that for given any § € =, we have v € = whenever k(¢, p) = k(E, II) implies
that

C(k(7,p), k(& 1))

0, and (BZ2)
C(r(&7), TR(E 1) =0

, (BZ3)

IV v

where p € E.

Lemma 3.1. Let = and II be a nonempty subsets of a complete metric space (T', k). Ifa mapping ¢ : = — 11
which is proximal Z— Gérnicki mapping with respect to ¢ has the best proximity point, then it must be
unique.

Proof. Let 1, 12 be best proximity points of ¢ with p1 # pa. Then k(épa, u1) = «(E,II) and
K(dpe, o) = k(E,1I). From BZ1 and (2, we have

0 S C ("Q(Mla /1/2)7 H(ul) :’-112)) < 0.
Therefore, the best proximity point must be unique. O

Theorem 3.1. Let = and II be nonempty closed subsets of complete metric space (T, k). If a mapping
¢ : 2 — Il which is proximal Z— Gérnicki mapping with respect to ¢, then ¢ has a best proximity point.

Proof. Let £, € E. There exists pp € = such that x(¢&o, o) = x(E,1I). Then with respect to
o, 1o € E there exist &1, u1 € = such that

C(K(&1, 1), k(&5 10)) =20,  and
¢ (K(&0,€1), TH(E0, o)) = 0,
where k(¢&1, 1) = k(E,II). In general
C(F(&nt1s int1)s K(&ns fin)) and (3.5.1)

> Oa
¢ (’i(fwu £n+1)a Tﬂ(ﬁn, ,Un)) >0, (352)
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where (&, tn)

= k(E,II). Suppose k(&n, tn) = 0. Then &, € = is best proximity point since we
have "i((bgna Mn) = H(E )

So let us consider (&, un) # 0, Vn € N, from 3.5.1, (2 and (3
Jim #(n, pn) = 0.

If £(&n, Env1) # 0, then k(&p, §nt1) < T K(En, ) implies

nh_{r;o 'i(fm §n+1) =0.

Similar to theorem 2.1 we can say (&,,) is cauchy sequence. Since E is closed subset of complete
metric space, there exist v € A such that

lim o, =7.
n—oo

Also, from triangular inequality (i, v) < K(&n, ttn) + £(&n,Y), We can say

lim p, = 1.

n—oo

By definition there exists v € = such that k(¢y, V) = &(E,II). Since we have k(@& 1) = £(Z,1I),
applying BZ1

0 < C(K(pns 1), 6(Ens pin) + K(Y, V) + £(Ens 7)) -
Suppose v # v. Then

0 < limsup ¢ (K(fin, v), £(&n, i) + K(7,v) + £(&, 7)) <0,
which is a contradiction. Therefore x(¢y,7v) = &(E,II). O
Example 3.1. consider ¢ : £ — I, where = = {(£,3)|¢ € [0,00)} and I = {(&,2)|€ € [0, 00)} such that

£,2) ¢e€lo,1)

_ 4
¢(“’3)_{§,2§ £ello0)’
9

is proximal Z Gérnicki mapping with ((t,s) = 55 —t

Proof. Consider (¢,3), (w,3) € E, such that {,w € [0,1). Suppose H(%ﬂ) - (,u,3)H = 1 implies

(1, 3) = (%,3),Simﬂaﬂy for (w,3), (1,3) = (%£,3).
Case1: £, w € [0,1),

H< ><5’3>H+H w’?’)<w,3>H+|<w,3><s,3>||H(i,z)(j,g)

£
= >
10<4—|—4 + |§ w| > 0.
Case 2: {,w € [1,00),

3 3
Case3: £€10,1),w € [1,00). Then £ —w <0,

9 9 /26 2w\ 17
b= (§+w>+§—w|>0.

9 £ Tw
Ss—t=—4 2>
10° 1077
Case4: w € [0,1),£ € [1,00). Then{ —w >0,
9 w T
s l=— 4 2>,
0° Tt Y
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Iteration of convergence for a proximal Z— Gérnicki mapping

n §o = (0873) §o = (273) §o = (3~5a 3) §o = (673)
3 083) 23) (35.3) )

& | (4.0000e-01,3) (1,3) (1.7500e+00,3) (33)

& | (2.0000e-01,3) | (5.0000e-01,3) | (8.7500e-01,3) | (1.5000e+00,3)
¢ | (1.0000e-01,3) | (2.5000e-01,3) | (4.3750e-01,3) | (7.5000e-01,3)
& | (5.0000e-02,3) | (1.2500e-01,3) | (2.1875e-01,3) (3.7500e-01,3)
¢ | (25000e-02,3) | (6.2500e-02.3) | (1.0937e-013) | (1.8750e-01,3)
& | (125000-02,3) | (3.1250e-02,3) | (5.4687€-02,3) | (9.3750e-02,3)
s | (6.2500e-033) | (15625¢-02,3) | (2.7343e-02,3) | (4.6875¢-02,3)
& (3.1250e-03,3) | (7.8125e-03,3) | (1.36718e-02,3) | (2.3437e-02,3)
S0 | (1.5625¢-033) | (3.9062¢-033) | (6.835%-03,3) | (1.1718¢-02.3)
100 | (1.2621e-30,3) | (3.1554e-303) | (5.5220e-303) | (9.4663¢-30,3)

consider (&, 3) € Zwhere £ € [0, 1) with (u,3) = (%,3), take (v,3) = (%,3) suppose
1(67.3) = (p,3)]| = 1 then p = (§,3) implies

consider (&, 3) € Zwhere £ € [1,00) with (i, 3) = (%,3),take (7,3) = (g,?)) , suppose

g

o (G| (5

-5

oo ()16 -6 %

1(#7,3) = (p,3)]] = 1 with § <1 then (,3) = (&,

ol 9= (59 -1G2) 9] =5 =0
alfon (o)l -1 Go) - ()] =5 =0

suppose [|(¢7,3); (p,

Corollary 3.1. Let =

3)|| = 1 with § > 1 then (p, 3)

3) implies

(g, 3) implies

ol e (59)] - G3) - e9] =50
aleo - (52)]-1G2) - Gl ==

Therefore ¢ is proximal Z— Gérnicki mapping with respect to { where 7 = 1.
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be a nonempty closed subset of complete metric spaces (I', k). A mapping ¢ : = — 2

is said to be proximal Z— Gérnicki mapping with respect to { then ¢ is Z— Gornicki mapping with respect

to some .

Definition 3.2. Let = and II be nonempty subsets of complete partial metric space (I, h). A mapping

¢ : 2 — Ilis said to be proximal partial Z— Goérnicki mapping with respect to ( in Z if for every £, w, p, v €

= whenever
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Convergence behaviour for Proximal Z-Gornicki mapping

—— Initial point as (0.8,3)
Initial point as (2,3)

5 —#— Initial point as (3.5,3)

—#— initial point as (6,3)

imply
C (Al ), (&, 1) + h(&sw) + h(w, v)) = 0, (BZ1)

there exists T € [0, 00) such that for given any § € = there exists v € Z whenever h(¢y, p) = h(E,1II)
implies that

C(h(v,p), h(&; 1))

>0, and (BZ2)
C(h(&7), Th(& 1) =0,

(BZ3)
where p € E.

Theorem 3.2. Let = and I1 be nonempty closed subsets of complete partial metric space (T, h). If a mapping
¢ : 2 — Il is proximal partial Z— Gornicki mapping with respect to (. Then ¢ has a best proximity point.
Proof. Use a procedure similar to Theorem 3.1 and Theorem 2.3. O
Corollary 3.2. Let = be a nonempty closed subset of complete partial metric spaces (I', h). Let mapping

¢ : E — E be proximal partial Z— Goérnicki mapping with respect to (. Then ¢ is Z— Gornicki mapping
with respect to (.

4 Application to The Static Deflection of a String Stretched Under Unit
Tension Between Fixed Endpoints

In this section, we examine the static deflection of a string held under unit tension between
fixed endpoints, subjected to a force distribution f(£) (in Newtons per unit length).

The static deflection of the string transformed into a boundary value problem is as follows:

W' (€) = £(€) withw(0) = 0, w(l) = 0. (4.1)
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Suppose that f(£) = 0 and [ is the length of the stretched string. Consider Green’s function for the
given differential equation

l

w(E -]
G(@w)z{ e
{(w—1) E<w<l

The differential equation leads to the following Fredholm integral equation,

1
w(§) = /G(f,w w(w)dw
0

Theorem 4.1. Consider the mapping ¢ : & — ® such that

!
= /G(@w)w(w)dw, (42)
0

!
with sup | [ G(&, w)w(w)dw| < 5, where ® = C|0,1]. Then the Fredholm integral equation (4.2) admits
0

a unique fixed point, which corresponds to a solution of equation (4.1).

Proof. Here ¢ is Z- Gornicki mapping with respect to ( = 1 — 7. Define metric as

{ sup [¢(@)|+ sup |w(w)] £(w) # w(w)
k(€(w), w(w)) = ¢ =€0.1] @€[0,1]
0 ¢(w) =w(w) VE €[0,1].
Then
”(¢£(w)’¢w(w)):wself£1] 0/ (€, @)¢(w wsel[lgl /

1
<5 sup [{(@)|[+ 5 sup |w(w)l,
2 mefo,1] 2 mefo,1]
1
= 5&(5(@),&}(@))7

implies ¢ (x(4¢(w), in(w)% r(&(@), p¢(w)) + K(E(@), w(@)) + K(w(@), puw(w))) = 0.
Consider m = sup | [ G(£, w)&(w)
0

,1= sup |¢(w)|and n = max{2,l,m}.
wel0,1]

Then by taking p(w) = %w),

2n \ e, wel0,1]

S (E(), 06(@)) — {p(ew), dpu(w)) = " ( swp | [ Gem)()d=
0

+ sup IE(W)I) >0,

and also

/Gg, =)o

=m+ sup [{(@)].
wel(0,1]

K(§(w), p&(w) ( sup

we(0,1]

+ sup [{(w )l)

wel0,1]
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Ifm>1,

W), dE(@)) > L+ sup [&(@)],
n welo,1]

= r(¢(®@), u(w)).
Otherwise, choose n € N such that m > % Then above equations hold.

Therefore ¢ is a Z— Gornicki mapping with respect to w(v, @) = 3w — 7, where 7 = 2. O
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